
Math 564: Advance Analysis 1
Lecture 8

Recall WA Ex is the cost eg.rel of =IR
.
It is also the orbit ey.

rel , of
the translation action RuIB :

x Ex : > x -y 6k <= ) x
=

y
+ gforsoveqe .

Theorem
. I is X-ergodic .

Proof
. Suppose towards a centradiction It there is an Ex-invariant

meas -
Set A such t both A and A are positive measure

.

Note that invariance means tht q-A=A for all ge A .

By He 99%, let 5 be a bold interval with th(5) : O

whose 99 % is A?

By the "arbitrarily small" 19%, there is an interval I whose 99 %

is A and sit
.

0 sth(I)<1 % of (15) =: 2
.

I
I

I......... 1. ....................ffie--................... -- I

Note At for
my 361, +I is 99% q + A = A

,
becase

Lebesque reasure is translation invariant
.

It is enough to cover 98 % of 5 by pairwise disjoint ration
wal translates of I bene men I would by 0 .

98 · 99%96%

A contradiating 5 is 94% A:
To this end

,
let mi=41(5)/Ch(1)7 and take disjoint rational
Itakte of a pfitI

... I soct

possibly the gap between

Ent al the right endpoiit of I Mich is = 1? of th(51
.

I
his is possibly by the density of in R .

Then we've indeed covered



all J except
for 2 . (n+1 +2 - on +4 = 22 much

measure
.
But 22 in 2 % 085

,
so we've covered 98%

of 3 with disjoint rational translates of I .

For an ey .

wel
.

I
on

X
,
the Ersaturation of a set A EX is the

at (AJ : = U (a]E = 4x6 X : atA with aExS .

atA

For Ea , his has a nicer form : for ACIR
, SABE

-WaAl .

So if A is domeasurable
,
so is CASIER

Grollry . En : = (1 , ) A : xEas] is drergodic tor each
ximeasurable mon-null not A : RR

.

Proof
.
If A

= BLC ,
where both B

,

C
are Ea/A-invariant of

measurable non-null
,
then [B] al STEM we still

disjoint ,

and also measurable
**
a mourmall

,
and Ex-invariant

,

contradicting te ergodicity of Ea .

We'll show in the next HW that every
transversal of an ergodic

eq . rel is non-measurable
.

Hear Measures
. Atopolosity"at tiplicationOr is a

and the inverse function 17 : G-sh continuous
.

Also
,

a dop space X is called
(i) Hauschorff if for ay distinct x

, yeX I disjoint open U, Val
sit

. xEU al
y = U ⑧D~

3u



(ii) locally compac
I if every ptx X admits a compact weigh-

bourhood K (i
. e . x<int(K) MK is compart) .

Exaples .

2tbl discrete groups
IR*

,
da

2"= (*/zx)" Mich is a go
under wordintwise

binary addition
.

1R*:= IB) <02 with -

** = = D\C03 with .

CLAR) :
= the sp

of invertible real matrices
.

S'= K is a compact Hausdorff up . =IR/ .

Haar's theorem
. Every locally compac

↓ Hanschorff top , group admits

invariantBore unique (up
to scaling) left for right) translation -

measure that is positive on nonents opens, und picta
Oh compact . (Being positive on spen
zuch

&

- particular, if h is compact men it admits aotbl. leftunique lor right) translation invariant prob measur
.

This measure is call the / Haar measure
.

Thus
,

An hebesgue measure is a Hear measure on IB.
The Bernoullilz) is the Haur measure on (4/22)" ↑

The counting measure is a Haar measure on otbl discrete

groups .

Boel measures ou R . We know At Lebesgue measure or IB is the

unique (up to scaling) translation-invariant measure on IR among



all Bonel measures on I that are finite on bold sets
.

We'd like to understand all Bevel measures on IP Not are

finis on bald setz
,

e . g .

do or 56+d
let o be such a measure on R

.

Consider fu : IR->IR

exed by + He o if **% , so fm(0) = (10,07)E
Note that
is for is increasing (wounstrictly) by the monotonicity of

liil fou is right-continuous ,
i
.

e
.

Wherever Xa falen!f(x).
Proof

.

Let xO and Let Xulx ·

Then fo(x) = M(10 , x3) = lin MIC0
,
xn]) = linfr(an)

n

becare (0
,
x7 = 110, xn]" and MCC0

,
x0] < 8

.

4t x <8 al let xnL x
·

Then fo(x) =M((x
,0]

=him ((xn
, 0]) = linfulxa) beare

h U

(x , 0] = 4(xu , 0] .

(iii) M((a , b]) = fr(b) - fr(a) .

Remark
.

When is finite
,

the faction Fr : IR-> IR
x M(70

,
x])

also satisfies (i) - (iii) and is called in probability
the distribution of M

.

Wat we have down is the first part of the following



Theorem
. (a) For each Bonel measure of finite on bold Lets

there is a unique (up to a constant) function

Ar : IR->I with (a , b3) = flb) - fu(a) .

Facbel
/

Such a funtion is automatically increasing and

right-continuous .

It is also bald if Mad
.

(b) Conversely ,
for any increasing right-antinuous f :R- IR

,

there is meashe N with f((a , b3) = f(x) -f(a)
.

Itu pordicator, i start.
Proof

.
(a) We already proved it except of uniquenem ,

but if f
and
I me two such functions x O

,
ken for

any,
we have f(x) - f(0) = M/(0 , x)) = y(x) - 10)I
f(x) - y(x) = f(0) - y(0) + x < 0 . Sinikely for x <P

, 30 f-g
is constant .

(b) let A be the algebra gerated by these half-intervals (a
,
b]

.

Then eak ASA is a finite disjoint union of (potentially
unbodh half-intervals

. Define ((=9) : = lim
x-
=of(x) .

Then we define o on A by
declaring Mf((a , b]) = = f(b) - f(x)

. By the same proof as for

besgue measure
,
this is a well-defined finitely additive

measure on A
.
In particular, it is itbly - supadditive.

We show At it is also itbly - subadditive
.
We run

Min
,

"The intent is"T is"Wete
,
sin, but

here a
,
bel

,
mon

Y((a ,
b]) = 2 kan , bu3) .


